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Answers to Selected Exercises

4. Expected Value

Definitions and Properties
Variance and Higher M oments
Covariance and Correlation
Conditional Expected Value
Generating Functions

AN S

Expected Value and Covariance M atrices

1. Definitions and Properties

M 1.15.
ny _ bn+1_an+l
b EXD) = mea
#1.17. 2
LY

M 1.18. Let Y = X2.

a. g(y) = 1
£Y72, 1<y<9
b. E(¥)=1
c. E¥)=1
¥ 1.19.
a. E(Y)=7
b. EM) =1
c. E2)=%
d B =22
e. E(V)=21
¥ 1.21.
a. E(Y)=7
b. E(M) =1
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c. E2)=%
d EU) =2
e. E(V)=—+

L33 E(TIT > 1) =t++
1.36.

a. Mean%

b. Mode %

c. Approximate median 0.614.

1.38.

a. E(V) =
b. E(A) =

| UIIOO NS}
I .—l°°

c. E(C)=

1.39.

a. Mean %

b. Median%

1.47.

<
Nl: Sl\’

e o
W= |

148. EBX+4Y -7) =
149. E(BX-4)2Y +7)) =33

1.50. Let N denote the number of ducks killed. E(V) =10 (1 = (£5)” ) = 4.095

1 1.59.

a E(X)=1

b. e <L 1>0
1 1.60.
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30f12

=1
a. [E(W)—p
b. (1-p)"~! <#,neN+
Y
c. E(W|W is even) = %
p2-p)
M 1.61.
a. [E(X):af1
1\ _ a
b. [E(f) T a+1
a a—1
d. a+1 > a
¥ 1.62.

a E(X?+7%) =2

=)

b. BE(X)> + E(Y)? = %

2. Variance and Higher Moments
2.13. Let X denote the die score.

a EX)=1
b. var(X) = %

c. sd(X) ~ 1.708

2.15. Let X denote the die score.

a E(X)=1
15
c. sd(X) ~ 1.936

221LE(Y) =73,sd(Y) =2, k=2
a. P(Y — E(Y)| > ksd(Y)) = 1
1 1

b. k_2 = Z

224.E(X) =+, sd(Y) = 1,k =2

a. P(Y — E(Y)| > ksd(Y)) = e=*+D

1
b.k—2
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2.30.

a. EX) = var(X)
b. E(X) = Var(X)

25’
c. E(X) =2, var(X) = 55,
d. E(X) =3, var(X) = 3,
#1231
a. varBX —-2) =
b. E(X?) =29

2.33. Marilyn's standard score is z = 8.53

¥l 2.37.
a. skew(X) =
1296 1
b. kurt(X) = TR
¥ 2.38.
a. skew(X) =
b. kurt(X) =
%1 2.39.
_ 2(a+1)@=-2)2 (a-1)3
a. skew(X) = a3
_3(3a’+a+2) @-2)° (a-1*
b. kurt(X) = PPy
¥12.40.
a. skew(X) =
b. kurt(X) =
¥2.41.
a. E(X) = 1, var(X) = 55, skew(X) = 0, kurt(X) = 2
b. E(X) = 2, var(X) = 5=, skew(X) = -2, kurt(X) = 3
c. E(X) =2, var(X) = 5, skew(X) = 2, kurt(X) = 2
d. E(X) = 5, var(X) = 5, skew(X) = 0, kurt(X) =

2.47.
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1

a [[X|l = T
c. 1
] 2.48.
()" k<a
a. |IX]lx =
00, k>a
c. o
¥ 2.49.

2k+2_2 )1/k

1 1 1/k
b 1X1k + 1Yl =2 (k5 + 7057

2.57.

a. When p < %, the minimum of E(]X — ¢#]) is p and occurs at t = 0
b. When p = %, the minimum of E(|X — ¢]) is % and occurs for ¢t € [0, 1]

c. When p > %, the minimum of E(|X —#]) is 1 — p and occurs at t = 1

3. Covariance and Correlation

3.27.

a. cov(X, Y)=0, cor(X, Y)=0.
2

b. cov(X, ¥) = 5, cor(X, ¥) = %

c. cov(X, Y)=0,cor(X, Y)=0.

3.29.
a. cov(X, Y) = ﬁ
12
b. cor(X, Y) = %.
c. L(YIX)=1X
d LX) =2+%y
3.30.

a. cov(X;, X)) =0, cor(X;, Xo)=0

50f12
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_ 1 _
b. cov(X;, Y) = 12, cor(X;, Y) = ﬁ =0.7071
c. cov(X;, U) = 24, cor(Xy, U) =0.6082
_ 1369 1369
d. cov(U, V) = W’ cor(U, V) = 55== = 0.5358
e. cov(U, Y) = cor(U, Y) = 0.8601

12’

3.31. Let Y denote the sum of the dice scores and M the average of the dice scores.

Im

a. [E(Y)—n ,var(Y) =

Si= o

b. E(M) = Z, var(M) = %
3.33. Let Y denote the sum of the dice scores and M the average of the dice scores.
alan_n ,var(Y) =n L
b. EM) =2, var(M) =221

¥ 3.35.
a L(YIX))=1+X,

b. LWUIX)) =12

o. LVIX)) =% +3X

1
+1X

343.cov(2X —5,4Y+2) =
344 . varR X +3Y -7) =
345. varB3X —4Y +5) =182
¥ 3.46.

a. cov(A, B) = 21—4

b. cor(A, B) ~ 0.1768

3.47.

a. cov(X, Y) = L4

1
b. cor(X, ¥) = —7 = —0.0909
o. LX) = —+X
d LXIY) =L - &Y

3.48.

a. cov(X,Y) =+
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b. cor(X, Y) = \/_ = 0.4402
o. LYX)=2+2X
d. LX) =32Y

3.49.

C. cov(Xz, Y) = 3%
d. cor(X?, ¥) =0.448
e. L(Y|x?) =123 +22x?

f. The predictor based on X 2 is slightly better than the predictor based on X.
3.50. Note that X and Y are independent.

a. cov(X, Y) =
b. cor(X, Y) =
c. LIYIX)=

2
3
d. LXIv) =3

3.51.
a. cov(X, Y) = 336
b. cor(X, Y) =0.05423
o. LX) =2+2x
d LXY) ==

3.52.

C. COV(\/_ Y) 1001
dcor(\/_ Y) 169 14

_5225 L1232
c. L Y|\/_ 3182 T 2197 VX

f. The predictor based on X is slightly better than the predictor based on \/)_(

3.59. (X, Y) = L

5
a. Xl 1Yl = 33
b 11Xll5 1Y 3 ~ 0.4248

4. Generating Functions
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4.32.

a. M(s, z)—2e M N ¥ e

(s+1) st

b Mx()=2(%5 -5 -4)s#0

c. My(t)=2w,t7é0

d. My y(t) =

¥ 4.33.

S+t . s el
a M(S, t)=e (=2st+s+t)+e’ (st—s t)+s+z’s#0’t#0

s2 2
s _ s _
b. Mx(S)=M,S¢0
2s
t_ t_
c. My(l,)=3le 22:2 t+2,t¢0

2 (2 (1=n)+e! (1-2)+1)

d. MX+Y(I): /3 at;éo

5. Conditional Expected Value

5.21.
a L(Y|X) =15 - ﬁx
b. E(Y)X) =%

6X 3
d. var(Y) = 157 = 0.0764

- var(Y) (1= cor(X, ¥)*) = 2 =0.0758

(¢

f. var(Y) — var(E(Y|X)) = 15 — 137 In(3) = 0.0757
5.22.

a LYX)=2+32X

2
b. E(Y|X) = IXTHS5 X+2

9X+3
d. var(Y) = == =0.0375
e. var(Y) (1 — cor(X, ¥)*) = 1= = 0.0302
f. var(Y) — var(E(Y|X)) = 5ok — 22 In(2) = 0.0299
5.23.
2
a. L(Y)X) =2
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b. E(YIX) =3
d. var(Y) = &

e. var(Y) (1 — cor(X, Y)z) = %

f. var(Y) — var(E(Y|X)) = 11_8
5.24.

a LX) =2 +2x

2 (X2+Xx+1
d. var(¥) = 525 = 0.0198
e. var(¥) (1 —cor(X, ¥)?) = s2 = 0.0140
f. var(Y) — var(E(Y|X)) = 22 - 2 In(2) = 0.0139

5.25.E(YeX = Zsin(X)|X) = X X - sin(Xz)
1+X

5.26. E(Y|X) = E(Y) = 1 (c + d)
5.28. E(Y|X) = 4£X

2
5.30.
a E(Y|X)=1X
b. E(¥) =3
c. var(Y|X) = 15 X*
d. var(Y) = 11
5.31.

a E(Y|Y)) =1 +X,

b. X E 2 ||3

o [T
N EEEE033030

52115654 46:32
EYWU =w 77|07 ?"?gl

d. EX|X1) =1

5.32. P(H) = 3
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5.36.

a. Given N, X has the binomial distribution with parameters N and p = 5

b. E(XIN) =3 N

c. var(X|N) = %

d. E(X) = Z

[¢]

. var(X) = %

5.38. Let Y denote the amount of money spent during the hour.

a. E(Y) = $1000
b. sd(Y) =~ $30.82

¥ 5.39.
a. E(Y|N, V) =
b. E(YIN) =3 N
c. EY|V)=aV
d EY)=3a
e. var(Y|N, V)—NV(l ~V)
f. var(Y) = —a + a

5.44. Let X denote the die score

a E(X)=1
b. var(X) ~ 1.8634

6. Expected Value and Covariance Matrices

¥ 6.18.
a. B(X,Y)= 12 17—2)
11 -1
144 144
b. VC(X, Y) = 1
1 1
T34 144
¥ 6.19.
a B V) = (75 3)
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43 L
720 48
b. VC(X, Y) =
3
2 80
¥ 6.20.
a EX,Y)=(3.3)
3
=0
b. VC(X, Y) =
o L
18
¥ 6.21.

5

17 5

448 336
b. VC(X, Y) =

5

336 1252

17 51
2) _49 L 10y 7 42
X, X°) = + X +55X

d. L(Y =
¥ 6.22.
a EX, Y, 2) = (33 7)
3 1 1
80 40 80
111
11 3
80 40 80
c.Mﬂ&)3=%+%KNmemmﬂmmBnonmL

d. LY|X, Z2) = %X + %Z. Note that this is the midpoint of the interval [X, Z]

¢

. L(X)Y, Z2) = % Y. Note that there is no Z term.

1 6.23.

(11

a. EX, V)= (3 7)
1L
12 24

b. VC(X, V) =

7
2 T
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